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Abstract. This paper presents a logical approach to the translation of functional calculi into 
concurrent process calculi. The starting point is a type system for the 7r-calculus closely related 
(«-»* ' to linear logic. Decompositions of intuitionistic and classical logics into this system provide 

^vj | type-preserving translations of the A- and A/i-calculus, both for call-by-name and call-by-value 

evaluation strategies. Previously known encodings of the A-calculus are shown to correspond 
to particular cases of this logical embedding. The realisability interpretation of types in the 
7r-calculus provides systematic soundness arguments for these translations and allows for the 
definition of type-safe extensions of functional calculi. 
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1 Introduction 



o 

The 7r-calculus was introduced in the late 1980's as a core model of concurrent computation, 
in the same way as the A-calculus is a core model of functional computation. Soon afterwards, 
Milner showed in the seminal paper Functions as processes [TJ] that the A-calculus could be 
precisely encoded into the 7r-calculus. Around the same time, Girard introduced linear logic as 
a logic to study fine properties of denotational models of intuitionistic logic. Indeed the ideas 
behind it led to significant insights on the structure and semantics of the A-calculus and functional 
computation, along the lines of the functions as proofs slogan. It might not be a coincidence 
that these two contributions appeared at the same time, and intuitions from one have been seen 
in the other from the beginning. Formal connections appeared some years later, giving formal 
ground to the proofs as processes idea, in particular in work by Abramsky [TJH] and in a notable 
contribution by Bcllin and Scott as an encoding of proof nets in the 7r-calculus [5] . 

The purpose of this paper is to present a formal way to make these pieces fit together. We 
use a recent version of the proofs-as-processes approach [H [3] as a way to make a link between a 
form of 7r-calculus (with more symmetry and expressiveness) and a form of linear logic (with the 
significant difference that formulas have arities). In this framework, we adapt previous work by 
Danos, Joinet and Schellinx on the translation of classical logic into linear logic [HI E] ■ We show 
that, when considering each logic as a type system, we can extract a family of typed translations 
of the A- and A/x-calculi into the 7r-calculus. The now familiar duality [7] between call-by-name 
and call-by-value appears clearly in our system, moreover several previously known translations 
are shown to fit in as particular instances of the general technique. 

Our type system for the 7r-calculus was developed by realisability as a logic of behaviours of 
concurrent processes. We show that this realisability construction can be used to prove properties 
of the considered execution models of the A-calculus. We also argue that realisability provides a 
way to introduce new constructs in functional calculi while keeping the type system semantically 
correct. 



Parallel composition and scoping: 

p\q = q\p (p\q)\r=p\(q\r) p | 1 = p 

{ux){fy)p = {vy)(vx)p (ux)(p\ q) = p\ (vx)q if x <£ iv(p) (vx)l = 1 

Equators: 

1 = x=x x=y = y=x x=y \ p[x/z] = x=y \ p[y/z\ 

Replication and reduction: 

la.p = a.(p | la.p) u(x).p \ u(x).q — > (yx)(p \ q) 

Table 1: Structural congruence and reduction. 

2 Framework 

2.1 The calculus 

The concurrent calculus we use, hereafter named 7r = -calculus, is a formulation of 7r-calculus with 
explicit fusions (a la Gardner and Wischik |11| ) with binding input and output. We assume an 
infinite set N of names, ranged over by the letters u, v, x, y, z. The calculus is generated by the 
following grammar: 

input 

binding output 

linear action, guarded replication 
(vx)p inaction, parallel composition, hiding 

name unification 

The operational semantics of the calculus is defined as a reduction relation up to structural 
congruence, with the rules in table [TJ The reduction relation is the smallest relation — > that is 
closed under structural congruence, parallel composition and hiding and that contains u(x).p \ 
u(x).q — > (ux)(p | q). We consider a strong bisimilarity relation = whose precise definition 
(that can be found in the appendix) uses a labelled transition system. The point is that = is a 
congruent equivalence such that p — q implies that for each reduction p —$■ p 1 there is a reduction 
q — >• q' with p' = q' . 

We use this calculus instead of a more standard form of 7r-calculus because it provides a clear 
distinction between synchronisation and name substitution. It also allows a cleaner type system. 
By combining binding actions and equators, we get usual non-binding actions with their usual 
semantics, by defining 

u(xi . . . x n ) := u(yi . . . y n )-(xi=yi ■ ■ ■ | x n =y n ) 

2.2 The type system: linear logic with arities 

We assume a set V of type variables, ranged over by 1 or 7. The language of formulas is 
generated by the following grammar: 

A,B ::= X I X x I A ® B I A^ B \iA I \A I \A I ?A I 3X.A I \/X.A 



actions: 
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Each variable is supposed to have a fixed arity. Given an arity function ar : V — > N, the arity of 
a formula is defined as 

ar(fA):=l with f e {t,4-,?, !} 

&r(3X.A) := ar(VA.A) := ax (A) 

a,i(A <g> B) := ar(A 2? B) := ax {A) + ar(B) 

The dual (or linear negation) is the involution (•) defined as X ±A - := X and 

(A <g> S)" 1 := A 1 - 2? B^ (IA)- 1 - := tfA" 1 -) 

(VXA) 1 - := 3X(A X ) (LA)- 1 - := ?(A X ) 

A type r is a sequence a?i : Ai, . . . ,x n : A n where each Ai is a formula and each afj is a 
sequence of names of length Bx(Ai), All the names occurring in all the Xi must be distinct, tr 
denotes a sequent where all formulas have the form \A or ?A, and ?T denotes a sequent where 
all formulas have the form 1A. A typing judgement is written phT, where p is a process and T 
is a type. A process p has type L if p h F is derivable by the rules of table 

We call LLa (for linear logic with arities) this logical system. The inference rules are those of 
multiplicative-exponential linear logic (MELL), extended with the linear modalities t and 4-. The 
main difference is in the rule for the existential quantifier: 3X.A can be deduced from A[B/X] 
only when X and B have the same arity. As a consequence, although the language of MELL 
is a subset of our language of types, provability of a sequent T in MELL is not equivalent to 
provability of T in LLa. 

2.3 Second-order A^-calculus 

Our model of functional computation is the A/z-calculus [T5]- We assume an infinite set of A- 
variables ranged over by x, y and an infinite set of fi- variables ranged over by a, (5. Terms are 
generated by the following grammar: 

M,N::= x \ Xx.M \ (M)N \ /ia[/3]M 

Thus we consider the version of the calculus where /za and [f3] cannot appear separately. The 
language of types is minimal second-order logic, i.e. 

A,B ::=X \A^ B\ VX.A 

A typing judgement has the form L h M : A | A where L is a sequence of type assignments x : A 
for distinct A- variables and A is a sequence of type assignments a : A for distinct /z-variables. 
The typing rules are given in table [3] The intuitionistic fragment, i.e. system F, is the fragment 
of this calculus where fJ.a[/3] is never used and where the A part is always empty. 

3 Simply typed A-calculus and head linear reduction 

The basis of linear logic is the decomposition of intuitionistic implication A — > B into an linear 
implication and an exponential modality, as \A — o B. The idea is that linear implication A — o 
B = A 1 - 2? B is the actual implication, while the modalities \A and 1A control weakening and 
contraction. In this section, we describe the operational meaning of this embedding. 



Axiom and cut: 



pY- T,x: A q\- x : A- 1 , A 



Multiplicatives 



ui=vi | ... | Uk=Vk \~ u : X , v : X (yx){p \q) h T, A 

phr,i:i q\-A,y:B ph T,x : A,y : B 
p\q\-T,A,xy: A<giB p\- T,xy : A 7 ? B 



Actions: 



phr,f:i 



phr,f:i 



ph lT,x: A 



ph?T,x: A 



u{x).p \- r, u : \A u(x).pY- T,u : 1A u(x).p h 1T, u : 4- A !n(i).j)|-?r,M:!4 
Exchange, contraction and weakening: 

phr,£:A,j/:B,A phr,!i:?4,!i:?i phT 



Quantifiers: 



p ^ T , y : B , x : A, A p[w/u, v] h T, w : ?A p\- T,u : ?A 



phr,£:4 X(£fv(T) p\-T,x:A[B/X] &r(B) = ar(A) 



phr,f:VX4 



phr,f: 3XA 



Table 2: Typing rules for the 7r -calculus. 



Intuitionistic rules: 



Quantifiers: 



Control: 



r,s:AhM:B|A 



r,n:ihi:A|A Th Xx.M : A -)• B | A 

rhM:A^B|A rhAf:A|A 

T h (M)A : B | A 

r h M : A | A X <£ f v (r, A) r h M : VX.A \ A 



rhM: \/X.A | A T h M : A[B/X] \ A 

Th M :B\a:A,/3 :B,A 
T^ imx[/3]M : A\ P:B,A 

Table 3: Typing rules for the A/x-calculus. 



Definition. Let LJo be the language of formulas generated by variables and — > as the only 
connective. The translation ^4° of a formula A is defined as 

X° :=X (A -> B)° := \A° -o 5° 

where each variable of LJo is mapped to a variable of arity 1 in LLa. 

Here propositional variables are considered as base types of arity 1. A functional type A\ — > 
■ ■ ■ — > A n — > X is thus translated into a formula of arity n + 1. The translation of formulas 
naturally induces a translation of type derivations. 

Definition. The translation of a simply typed A-term M at type A on channels y (with \y\ = 
ar(A )) is the process [MJ^y defined as 

\x\ A y:=x{y) 
l\x.M\ A ^ B xy:={Ml B y 

\{M)N} B y:= { V x){\M\ A ^ B xy\ \x{z).{N\ A z) 

The soundness and faithfulness of this translation are easily checked: 

Proposition. A judgement x\ : A\, . . . ,x n : A n h M : B is derivable in LJo if and only if 
\M} B y \-x x : ?(A'j ) )- L , ...,x n : ?(A" n )^,y: B° is derivable in LLa. 

Let us now study the operational meaning of the translation. Remark that, up to structural 
congruence, redexes can be permuted without affecting the translation, i.e. the translation cap- 
tures cr-equivalence [16] . Subsequently, we get that r-transitions in the translations correspond 
to what is known as head linear reduction [TO]. We briefly recall the definition of these two 
notions: 

Definition, cr-equivalence is the congruence over A-terms generated by 

(Xx.M)NP = a (\x.(M)P)N (Xxy.M)N = a Xy.(\x.M)N 

with x <$_ fv(P) and y £ fv(iV). Any A-term M can be normalised as 

M =«, Aa;i . . . x k {\ Vl . . . |fo.(a:)Mi . . . M P )N 1 ...N n 
Head linear reduction is the relation over cr-equivalence classes generated by 

Xxx . . . x k .(X yi . . . y n .{y l )M 1 . . . M p )N x . . . N n 

-*\xi... x k .{\yi ■ ■ ■ lfa.(JVi)Mi . . . M p )A^ ...N n 

Proposition. For any simply typed X-term T h M : A, [M J y is bisimilar to M for head linear 
reduction. 

Proof. First note that for M and N of type A, if M = a N then fMj A y = fNj A y, so we can 
consider terms up to cr-equivalence. Consider a typed term r h M : A. By cr-equivalence we 
assume that M is written Xx.(Xy.(x)M)N with |y| = |AT|. Call Ai the type of each Xi, Bi the 
type of each yi and Ni (these are the same since M is well typed), and call Ci the type of each 
Mi. Thus we have A = A\ , . . A^ —y B and x has type C\. . .C p -> B. Then we have 

{M\ A xz= (uyu)(x(uz) \ ERUI^ = ^F' I U]=M - ^P J ) 

with [aj = TJ := !x(j/).[T] y. The only possible reduction in this process is x(uz) interacting 
with one of the [u, = Mi\ Ci or \yj = NjJ Bj . By construction x cannot be one of the Ui, so 



I xz has a r-transition if and only if x = yj for some j. In this case, we can remark that the 
following reduction holds: 

y 3 {uz) | \y 3 = Ni\ B ' -4 lN^uz\ {y, = Nj} B ' 

Putting this reduction in context, we get that the reduct of [JW] xz", up to structural congruence, 
is l\x.(\y.(Nj)M)N} A xz. Therefore, r-transitions in translations of A-terms strictly correspond 
to head linear reductions in the terms. □ 

Interestingly, this translation was first described by Hyland and Ong as a syntax for strategies 
in a game semantics of PCF |13j . thus with different (but clearly related) arguments. 

4 System F and modal translations 

The translation presented above is remarkably light. However, the arity of the translation of a 
term depends on its type, and as a consequence polymorphism in the style of system F does not 
hold. Modal translations [5] are a generalisation of the standard embedding of intuitionistic logic 
into linear logic, which allow full polymorphism by providing a type- independent (and type-safe) 
translation. 

Definition. A generalised modality is a word 7 over {t, 4-, ?, !}. The dual of 7 is the modality 
7 such that (jX) 1 - = 7X . A modal translation of LK into LLa is defined by a pair (7,(5) of 
generalised modalities. The translation A* of a formula A is defined as 

X*:=X (A-* B)* i=j(A*) -oS(B*) (VX.A)* := VX.(A*) 

where each variable of LK is mapped to a variable of arity 2 in LLa. For L = {xi : -<4j}i^j^„, 
define L* := {x t : A*} % and T* 1 - := {xi : (A*)^}i. For a generalised modality 7, define 7r := 
{xi : ^Aiji. A type r h A | A is translated at a channel u into the type tT*- 1 , u : 5 A*, 6 A*. A 
modal translation (7, 5) is valid if T h A | A holds if and only if t- LLa jT*- L ,SA*,SA* holds. 

An important fact needs to be stressed: in the source language LK, any variable can be 
substituted by any formula. On the other hand, in the target language LLa, a variable can 
only be substituted by a formula of the same arity. Note that a translation commutes with 
substitution, i.e. (A[B/X])* = A*[B*/X], if and only if variables are preserved, therefore any 
translation must assign sensible arities to variables. For this substitution to be correct in any 
case, we must ensure that the arity of A* is independent from A. This condition is satisfied if 
and only if neither 7 nor S is empty, and then &t(A*) — 2 for any A. 

4.1 General translation 

Definition. Given a non-empty generalised modality 7 and names u and x, define the proto- 
col ju(x).p as iu(x).p := u{x).p, ~Xu{x).p :— ?u(x).p :— u(x).p, and inductively ~f\u(£).p := 
, yu(v).'\v(x).p for a fresh name v. In the case of the empty modality e, let eu{x).p :— p[u/x], and 
eu(x).p is undefined for \x\ 7^ 1. 

Note that protocols are typed in the expected way: p \- L, x : A implies r yu{x).p hT,u: 7A 
If 7 contains ! then the context must be ?r, else if 7 contains I then the context must be 1T. For 
a modal translation (7, S) to be valid for classical logic, essentially two conditions are required: 

• It must be possible to apply weakening and contraction to formulas 7A and 5 A, i.e. 7 must 
start with ! and 8 must start with ?. 



• For the application rule, it must be possible to deduce a common modality £ from 7 and 
8, in a context of 7 and 8 modalities, which essentially implies that one of 7, 5 must be a 
suffix of the other. 

For a pair (7, 8) to be valid for intuitionistic logic, contraction and weakening of 5 formulas is 
not required, and contexts only contain 7 formulas. 

Let (7, 8) be a modal translation for which these conditions are satisfied. Let T and A be 
types where all formulas start with the modalities 7 or S. We can deduce the translation of the 
rules for A and /1 independently of the modalities: 

p \- T,x : jA^, v : SB 

phT,xv:~/A-o5B ph T,u : SB, a : SA, (3 : SB 



Hence we get 



5u{xv).p h T, u : 5(-yA -o SB) p{/3/u] hf,a : SA,/3 : SB 



\Xx.M\u := Su{xv).\M\v \jm\0\M\a := [Mj/3 



The formulation of the translation of /Mx[f3]M is valid since a-conversion can be applied to the 
variable bound by jjl. The fact that /xa[/3] does not modify the process in any other way stresses 
the fact that the \i binder is nothing more than a way to name conclusions of a proof in the 
scqucntialised syntax of A-calculus. 

It is clear that the introduction rule for V is not affected by the translation. There is a 
slight difference for the elimination rule: the A-calculus is a syntax for natural deduction with 
intro/elim, while our type system for the 7r-calculus is a sequent calculus with only introduction 
rules and an actual cut rule. We can translate the elimination rule for V by using an extra cut 
and axiom: 

u=v h u : A[B/X]^,v : A\B / X] 

phr,u: MX. A u=v h u : 3X.A 1 - , v : A[B/X] 

(vu){p\u=v) hr,» :A[B/X] 

By structural congruence we have (yu)(p\u=v) = p[v/u], hence we can also accept the elimination 
rule itself in our type system. For the application rule, assume there is a generalised modality £ 
of which 7 and S are suffixes, and set 7' and 8' such that £ = 7^ = S'S. Then the translation of 
application is: 

p\-F,v :8(jA^8B) 8v(xu) \-v : 8(-yA<g> (SB)- 1 )^ : {-yA)- 1 ,u : SB 

(vv)(p\8v(xu)) hr,i: (7^) ± ,m: SB q\- A,w:8A 



y'z{x).(vv)(p I 5v(xu}) hT,z: (CA) ± , u : SB S'z(w).q h A,z:(A 

(vz)(^'z(x).{vv)(p I 5v(xu)) I S'z(w).q) hT,A,u:SB 

As explained above, one of 7, S must be a suffix of the other, so one of 7', 8' must be empty We 
thus have two cases for the axiom, depending on which one it is: 



u'=u h u' : (SA)^,!! : SA x=x' h x : (<yA) L ,x' : "fA 

S'x(u) h x : (■yA) ± ,u : SA -f'u(x) h x : (■yA) ± ,u : SA 

When both 7' and 8' are empty, these cases collapse into u=x h x : ^yA), u : SA. 



7 and 8 are given, 7', 8' are such that j'j = S'S. 

{u=x if 7 = 8 
S'x(u) if 7 = S'S 
"f'u(x) if S = t / 7 

[Ax.M] 7<s u := <5w(W).[M]] 7l5 t> 

I(M)JVp 5 u := (i/z)ff2(i).H([Mf *u I fo(ra)) I <5'z(iu).[iV] 7 s w 
IpatflMT'a := [M] 7 */3 

Table 4: General case translation of X/j, into 7r. 

8 Definition. Let (7, S) be pair of non-empty generalised modalities. The translation [Af] 7<5 u of 
a A-term M is defined inductively by the rules of table 01 

9 Theorem. Let (7, S) be a valid modal translation. For any Xfi-term M , V h M : A | A is 
derivable if and only if [Af] 7 u h jT* \ u : SA* , 8 A* is derivable. 

Actions in the 7r-calculus, in particular replications, are blocking. As a consequence, in the 
standard semantics, there is no reduction inside replications, so the execution of [MJ does not 
represent the full /3-reduction. fn the following sections, we give a detailed description of this 
execution. As explained above, there are two cases, depending on which of 7, S is a suffix of the 
other: 

10 Definition. A pair of generalised modalities (7, S) is called left-handed if 5 is a suffix of 7. It is 
called right-handed if 7 is a suffix of S. 

4.2 Call-by-name 

Here we consider the left-handed case, i.e. with 7 = S'S for some non-empty 5' . As a simplification 
we consider the case where 8 and 8' are simple modalities, one easily checks that the other cases 
are not significantly different. The validity constraints impose 8' = !, and 8 has to be ? for the 
classical case. 

To describe precisely the operation of translated terms, we introduce a new form of term jjM 
and define a continuation K as Mi . . . M^a where a is a /^-variable and the Mi are terms. An 
executable is a pair M * K, equivalence = and execution — > of executables are defined as 

(M)N *K = M* NK )\M*K^ M * K 

Ha\P)M *K = M[K/a] * fi Xx.M * NK -> M[$N/x] * K 

The substitution M\M\ . . . M n a/f3] is the substitution of every subterm of the form \J3]N of M 
by [a](N)Mi . . . M n . The translation of terms is extended to executables as 

[a]u := a=u \x = M] := S'x{u).\M\u 

\MK\u := {vvz){8u{zv) \ \z = M] | {Kjv) \a = K\ := \K\a 

UM\u := [yx)<Mu I [a: - M\) \M * K\ := (i/u)([M]« | [Kju) 

11 Proposition. For any call-by-name executables e\ and e%, e\ = e2 implies [ei] = [e2] awrf 
ei -^ e 2 «/ and only if [ej ->• [e 2 ]. 



Classical call-by-name (7 = !?, 5 



Ixju = x(u) 
l\x.M\u = u{xv)\M\v 
\{M)N\u = (vv)(lMjv I \v(xy).(\x(w).lNjw \ y=u)) 



Intuitionistic call- by- name (7 = W-, 5 = 4-): 



Ixju = x(u) 
l\x.M\u = u{xv)\M\v 
\{M)N\u = {wx)(lM\v I \x(w).\N\w \ v(xu)) 



Classical call-by-value (7 = !, S = ?!): 



[x]u = u(x) 
fXx.Mju = u(y).\y(xv).fMjv 

l(M)Nju = (uw)(\w(x).(uv)(lMjv \ \v(w).w(xu)) {Nji 



Intuitionistic call- by- value (7 = !, 5 — !): 



\x\u = u=x 
fXx.Mju = !«(xv).[M]v 
{{M)Nju = (i/utu)([M]v I [iV]w I ti(w!i)) 

Table 5: Particular cases of translations. 



Proof. Remark that the translation [A/]u of a variable or an abstraction has exactly one transi- 
tion, labelled by an action on u or on a variable. Similarly, the translation \K\u of a continuation 
either is an equator u—a or has a unique transition labelled by an action on u. [flMJu has a 
single transition to a process bisimilar to [M]u. Then the key of the proof is the remark that 
bindings correctly implement substitution up to bisimilarity, i.e. (i/a)([e] | \a = KJ) = [e [if/a] J 
for any fresh name a, and (i / x)([e] | [a; = MJ) = [e[DM/xJ for any fresh name x. The rule for 
/Ua[/5] applies only in the classical case, then 8 starts with ! and continuations are replicable. 
Details can be found in the appendix. □ 

Executing a A/Lt-term simply means executing it on a continuation a for a fresh variable a, 
since pl]a = [M * aj. Hence we can summarise this result as: 

12 Theorem. Left-handed translations implement call-by-name execution. 

The case for 7 = !4- and 5 = 4- is an adaptation of the standard \A — o B decomposition that 
allows polymorphism. Operationally, it exactly corresponds to Milner's translation [14 . The case 
for 7 = !? and 5 = ? corresponds to the system known as LKT in Danos-Joinet-Schellinx. As far 
as we know, its operational counterpart in the 7r-calculus is new. These particular translations 
are shown in table In the classical case, the application uses an equator y=u which is not 
standard 7r-calculus, however it can be argued that replacing it by a forwarder ly(ab).u{ab) does 
not affect the validity of the translation, although the step-by-step operational description is a 
bit heavier to formulate. 

4.3 Call-by-value 

We now consider the right-handed case, i.e. with S = j'j. As in the previous section, we 
assume without loss of generality that 7 is a single modality, necessarily ! because of the validity 
constraints. We now have two main choices for 7', namely ? for the classical case and t for the 
intuitionistic case. We now have to distinguish values, terms and continuations: 



values 


V,W 


= x Xx.V 


terms 


M,N 


= V | (M)N | na[K]M | V ■ W 


continuations 


K,L 


= a 1 KM f 1 KV a 



An executable is a pair K * M . Equivalence and execution are defined as 

KM f * V -> KV a * M 
K * (M)N = KM f * N KW a * V -> K * V ■ W 

K * na[L\M = L* M[K/a] K * Xx.M ■ V -> K * M[V/x] 

A continuation contains functions as unevaluated terms M' and arguments as values V a , so 
arguments are evaluated first. The terms V ■ W and jia[K]M are introduced to get a precise 



10 



bisimulation. Translations are extended as 



13 



l(M)N}u 

\V ■ Wju 

\x = y\ 

\x = \y.M\ 
let = 0\ 
{a = KM f j 
fa = KV a \ 
lfia[K]M}a 
\K * M] 



— ^ V,{x).\X = V\ 

= {vv){{v=uM f \ | \N\v) 

= {vxy)t\x = V\\\y = W\\*jx{yu)) 
= x=y 

— r yx{yu).\M\u 

= a=j3 

= (i>v)(Ya(x).(L>u)(lM}u | Su(xv)) \ {v 

= {uvx){\x = V\ | 5a(xv) | [« = K\) 

= ( I //3)([/3 - K\ | \M\p) 
= {vu){\u = K}\lM}u) 



K\) 



Proposition. For any call-by-value executables e\ 
ei -> e 2 if and only if [ei] -)• Ie 2 ]|. 



and ei, e\ = e 2 implies [ei] = [e 2 ] anc 



Proof. The proof follows the same principle as in call- by-name. The substitution lemma now 
states (i/a;)([e] | \x = VJ) = le[V/x]J) where e is an executable, V is a value and x is a A-variable; 
the same lemma for /i- variables and continuations also holds. We then remark that translations 
of terms and continuations always have at most one transition, and the correspondence with the 
operational semantics above is easily checked. Details can be found in the appendix. □ 



Given a fresh /Lt- variable a, once again we get [Mja = \a * M], hence the semantics above 
precisely describes the execution of translations of A/i-terms in right-handed translations, which 
can be summarised as follows: 

14 Theorem. Right-handed translations implement call-by-value execution. 

The case for 7 = ! and 5 = ?! corresponds to the system called LKQ in Danos-Joinet-Schellinx. 
Operationally, we get exactly Honda, Yoshida and Berger's translation [51112]. The case for 7 = ! 
and d = t! is a version of this translation linearised with respect to conclusions. It is actually 
very close to Milner's encoding of call- by- value A-calculus [Tl] , which corresponds to the slightly 
more expensive decomposition (A — > B)* = i(\A* — o V.B*). 

The simplest intuitionistic version is obtained by taking 7 = S = !, which is both left- and 
right-handed. It is easy to check that the operational meaning of this translation is an extension 
of the call-by-value strategy where functions and arguments can be executed in parallel. These 
translations are shown in table [5) 



5 Realisability interpretations 



The previous sections define a family of type-preserving translations of the A/x-calculus into 
the 7r = -calculus, and provide a detailed description of the operational semantics induced by 
the translations. Since the operational translations are deduced from simple embeddings of 
intuitionistic and classical logics into linear logic, we can expect more semantic interpretations. 
The soundness of the type system we use for processes is formulated using realisability, as 
described in the following section. 
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5.1 Soundness of LLa 

For a finite set of names /, a process p has interface I if fv(P) C i". 

15 Definition. An observation is a set _L of processes of empty interface. Given an observation 
_L, two processes p and q of interface / are orthogonal, written p _L q, if {vl)(p \ q) £ _L. An 
observation _L is valid if 

• _L is closed under bisimilarity, 

• if p has a unique labelled transition p — > p' and p' _L q then p -L q. 

If .4 is a set of processes of interface /, its orthogonal is the set A := {p : I \Vq d A,p -L q}. 
A behaviour is a set A such that A = A^ 1 - . The complete lattice of behaviours of interface I is 
noted Bj. 

Let (uj)jgN be an infinite sequence of pairwise distinct names. Let Bk := B Ul „ Mk . A 
valuation of propositional variables is a function p that associates, to each variable X of arity k, 
a behaviour p(X) £ Bk- Given a valuation p, the interpretation of a type A localised at x, with 
\x\ = ar(A), is the behaviour \x : A\p of interface x defined inductively by 

\xi...x n : X\p := v{X)[x\/u\,.. .,x n /u n ] 
lx-y:A®B]p:={(jp\q)\p(=lx:Ajp,q€ly:B] P } X± 

[u : M]p := {u(a?).p | p e [* : Ajp}^ 
[3 : 3A fc .^p := {{j XeB JS : A](p[X := X\)) XX 

and [x : A-^]p := ([x : AJp)^. Exponential modalities require a more subtle definition: for each 
name u, define the contraction S u over behaviours of interface {u} as 

S U (A) := {p[u/v, w]|p£ ^[w/m] ^ ^l[w/w]} X± 



where w and w are fresh names. Then, for a behaviour S of interface {x± . . . x n }, define 

F U (B, X) := (Ju : tS] U {1 : w} -1 U ^(A 7 )) . This operator is obviously monotonic in X, 
and the interpretation of exponential modalities is defined as a fixed point of it: 

[u : 1A\p := lip(X ^ F u ({x : Ajp, X)) \u : \A\p := ([« : l^)^ 

Finally, a type Y = x i : A\ , . . . , x n : A n is interpreted as 

{Tjp := {^ | . . . | p n ) | Pl e [fi : A x \p x , ... lPn E fx n : A n \p L } ± 

16 Definition. Given an observation, a process p realises a type T if p G |T]p for any valuation p. 
This fact is written p lh T. 

From the definition of observations and the interpretation of formulas, we easily deduce the 
adequacy theorem (we do not expose the proof here, a detailed study on this technique can be 
found in other works by the author [US]): 

17 Theorem. If p h T is derivable, then p lh T for any observation _L. 

The usual notions of testing fit in our notion of observation, for instance: 

18 Proposition. Let u> be a channel, assume w is not taken into account in interfaces. Define the 
must-testing observation as {p \ Vp — >* q,3q — >* w | r}. Must-testing is a valid observation. 
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Properties of typed processes, such as termination or deadlock-freeness, can be obtained by 
choosing appropriate observations. For instance: 

19 Proposition. Let p h T be a typed process such that any propositional variable occurring in Y 
is under a modality. For any reduction p — >* p' there is a reduction p' — >* p" such that p" has a 
visible action. 

Proof. We use the must-testing observation with a channel uj that does not occur in p. Note 
that u G \x : A\ for any formula A, hence u(x).uj G [it : 4- A\. By similar arguments we get 
u{x).us G \u : \A\, u(x).u> G [u : tAJ and u{x).uj G \u : 1A\. Moreover it is clear that, for 
q G [A] and r G |B], (q | r) G \A <g> B\ and (q\r) G {A^ B\. Each name Ui occurring in V 
occurs with a polarity £j (depending on the modality that introduces it) and a particular arity. 
Let t :— Yli ttf*(a?).w, by the above remarks we know that t G ([rjp) for any valuation p. This 
implies that, for any reduction p \ t — >* p' \ t there is a reduction p' \ t — >* lj \ q. Since ui only 
occurs in t, this implies that an action in t must be triggered during this reduction. By induction 
on the typing rules, on proves that if all type variables occur under modalities, no equator in p 
can relate free names, hence triggering an action in t must be done by an action in a reduct of 
p'. □ 

20 Corollary. The execution of a typed X/i-term in call-by-name or call-by-value always ends with 
a X- or fi-variable in active position. 

Proof. Let r I- M : A | A be a typed A/i-term. Using non-divergence as the observation we can 
prove that [Afja has no infinite reduction. Consider a reduction [A/Ja — >* p with p irreducible. 
By proposition [TO] we deduce that p must have a visible action, and this action can only be on a 
or a name that occurs in L or A. Conclude by reasoning on the shape of translations of terms: 
in call-by-name, executables with visible actions are x * K or Xx.M * a; in call-by-value they are 
K * x ■ V or a * Xx.M. □ 

5.2 Extending the A/^-calculus 

Realisability presents the type system LLa as an axiomatisation of the algebra of process be- 
haviours. This allows for the introduction of new logical connectives and new rules: by semantic 
means (i.e. by reasoning on the reductions of processes) we can define the interpretation of a 
connective as an operation on sets of processes. If we prove the adequacy of a new logical rule, 
we can then use it as a typing rule for processes with the guarantee that any property that is 
proved by realisability is preserved; this includes termination and deadlock-freeness. 

This technique can be used to extend the typed A/^-calculus. As soon as a connective can 
be translated into LLa (possibly extended as explained above), a translation of the underlying 
syntax is deduced the same way as for the core calculus, which induces an evaluation strategy. 
This provides a framework for extending our type-preserving translations, without loosing any 
of the properties of the translations. We now provide some examples of these ideas. 

Product types Products can be added to the A/x-calculus by means of a pair of constructs for 
introduction and elimination: 

r h M : A | A r h N : B | A r h M : A x B \ A r, a; : A,y : B h N : C | A 
r h (M , N) : A x B | A L h let x, y = M in N : C \ A 

Given a pair (7,(5), we extend the translation of types by (A x B)* = jA* ® -fB*. Note that, 
when 7 and (5 are not empty, the arity of (A <g> B)* is 2, hence polymorphism is preserved. The 
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translation of terms is extended as follows: 

l(M,N)Y s u ■- 5u{xy).{5'x{v).\Mf 5 v \ 5'y{w).lN\ lS w) 
pet x, y = M in Nf s u := (i/v)([M] 7l5 v | 6v(xy).lNf s u) 

In both strategies, let x,y — M in N must reduce M into a pair before evaluating N. The 
evaluation of the parts of a pair in call-by-value is done in parallel since 5' is empty. We leave 
to the reader the formulation of precise evaluation rules. 

Sum types Sum types in A/x can be defined as follows (with i £ {1,2}): 

r h M : Ai | A T h M : Ai + ^ 2 | A I\ Xi : Ai h TV; : C | A 

r h inji M : Ai + A 2 | A T h case M of {inj^ ^ -► jVj} : C | A 

Decomposing this in linear logic requires the additives © and &. The general rules in LLa are 
complicated, but here we only need simplified versions: 

p\-T,u:tA phr,f:A q\-T,y:B 



p\-T,uvAA®tB u(x).p + v(y).q\-T,uv : IA&IB 

assuming the underlying 7r-calculus has guarded choice. We get adequacy by defining \uv : 
A © Bjp := ({u : A\p U {v : Bjp)- 11 - and interpreting A & B by duality. The sum type of A/x 
is translated as (A + B)* = tjA* © tjB* (which preserves polymorphism). The translation of 
terms follows: 

[inji M\u := 5w(oio 2 ).t5'oi(u).[M]u 
[case M of {inj.x, -> JVi}]« := (i/v)([M]v | *«((*&). J^Ci (a*). [iVi]u) 

Obviously, in any strategy, the evaluation of case M of {injjXj — > TVj} must always reduce M 
into an inj i before proceeding. 

Subtyping Behaviours of a given interface form a complete lattice, with intersection as the 
lower bound and bi-orthogonal of the union as the upper bound. Write A and V these dual 
connectives with ar(A A B) = ax(A) = slt(B). This induces subtyping over types, defined as 
A ^ B if \A\ C [B], and the rules: 

phr,i:i phr,f:B phr,x:,4 p^T,x:A A^B 
p\-T,x:A/\B p\-T,x:AV B p\-T,x:B 

It is clear that all connectives except negation are increasing for this relation, and that A ^ B 
if and only if B ^ A . By the interpretation of modalities we also get I A ^ iA and tA ^ 1A. 
Subtyping rules in A/x can be written as 

T h M : A I A rhM:B|A rhM:i|A AsCB 



rhM:inB|A r h M : B | A 

Translations are extended as (An B)* = A* A B* . The usual subtyping rules, like (A — > B) < 
(A' ->• B') if ^4' < A and B ^ B' , hold through translation. 
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Fix points The fact that behaviours form complete lattices also guarantees that any increasing 
function over behaviours of a fixed interface have (least and greatest) fix points. We can thus 
extend LLa with dual constructs [iX.A and vX.A, with the constraints that ar(X) = ar(A) 
and that X does not occur as X in A. The typing rules for fix points are rather technical 
to formulate, mainly because the proper rule for vX.A requires the introduction of a recursion 
operator in the 7r-calculus. Fix points in the types for A/i-calculus would be simply translated as 
(liX.A)* = fiX.(A*). The constraint that permits polymorphism a la system F also allows this 
fix point to be used for any A where X only occurs positively. 

These various extensions to the type system can be freely combined. Other extensions, no- 
tably with concurrent primitives, could be studied in a similar way. However, for this purpose, it 
seems necessary to enforce serious linearity in the calculus. This fits naturally in our type system 
for the 7r-calculus but it is incompatible with full control in the style we get from translations of 
full classical logic. Precise studies of this idea are deferred to further work. 
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Axioms and context rules for unification: 

p \= x = y p^x = y p\=x = y z £ {x,y} 



x=y \= x = y p \ q \= x = y q\p\^ x = y (yz)p \= x = y 

Rcflexivity, symmetry and transitivity of equators: 

p 1= x = y p\= x — y p N y = z 

pN x = y pN y — x p\= x — z 

Renaming of transition labels: 

p\=u = v u, v $ {x\ . . . X n } p\=u~u' p N 1) = !)' 

p 1= u e (x\ . . . x n ) = v e (x\ . . . x n ) p \= [u=v] = [u'=v'] 

Table 6: Rules for name unification. 

A Technical details 

A.l Bisimulation in 7r = 

A polarity e is an element of {4-, t}. 4- is called positive and t is called negative. The notation 
u £ (x) stands for u(x) if e = 4- and for u{x) if e = t. 

Two names x and y are unified by a process p if p 1= x = y is derivable using the rules of 
tabled Note that an action like u{x).y=z does not unify y and z, i.e. the equator y=z is inactive 
as long as the action u(x) has not been consumed. A transition can have one of three kinds of 
labels: 

e ::= u £ (x\ . . . x n ) visible action (with the Xi fresh and distinct) 

[u=u] conditional internal reduction 

r internal reduction 

The notation p \= a = b is extended to transition labels as detailed in table [5] For a label e, n(e) 
is the set of names that occur in e, i.e. n(u(xi . . .x n )) — {u,xi . . .x n }, n([u=v]) = {u,v} and 
n(r) = 0. The labelled transition system of the calculus is defined in table [7) 
A simulation is a relation S over processes such that pSq implies that 

• for any cc, y 6 N, p 1= x = y implies q t= x — y, 

• for each transition p — > p' there is a transition q — > q' such that p'Sq' . 

A bisimulation is a relation S such that both S and S^ 1 are simulations. Two processes p and 
q are bisimilar if there is a bisimulation S such that pSq. 
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Actions (with a = u € (xi . . .x n j) and composition: 



u(x\...X n ) . v{x\...Xn) . 

p >p q >q 



Renaming: 



Context: 



a.p — > p \a.p — > p | la.p p \ q > {ux\ . . . x n )(p \ q ) 

p^p' p\=e = e' p tz% p > p\= u = v 



p-^p 



p->p 



p-fp 



P — > p' P — > p' x £ n ( e ) 



p\q ->p \q q\p-> q \p 



(vx)p — > (yx)p' 



Table 7: Labelled transition system. 

A. 2 Simulation in call- by- name 

For the "push" rule, we have: 

\(M)N*K\ = {vu)Uvz)((uv)(\M\v\6v{zu)) \ \z = N}) [K\u\ 
= {vuvz)(\M\v | 8v{zu) \{z = N}\ {Kju) 
= {vv)(\M\v {vu)({vz){8v(zu) \ \z = N}) \ {Kju 

= (uv)({Mjv | {vuz){{v = Nuj | {Kju)) 

= \M * NK\ 

For the substitution rule for continuations, consider a process (i/a)([Af]u | [if] a), with K — 
Mi . . . Mkj3. When 8 starts with ?, each \K~\a is a guarded replication on channel a. By 
construction there is no other input on a so each output on a can only interact with [iifja. 
Hence, up to bisimilarity, we can distribute [.K'Ja! in [M]]u by substituting each action a(x).p 
by (va')(a'(x).p \ fKja') for a fresh a' . All output occurrences of a occur in processes of the 
form lfj,9[a]Nj9 = [AT] a, but (va')dNja' \ iKja') = {N * K\ and by the previous rule we have 
{N * K\ = [(AT)Mi . . . M k * /3] = [/i6»[/3] (JV)Mi . . . M k \6. By this rule we can deduce the validity 
of the rule for /ia[/3]: 

\}mx\P]M *K\ = (i/a)([M]/3 | \K\a) =* [M[AT/a]]/3 = {M[K/a\ * 0\ 

In the intuitionistic case the rule is not applicable, but it would hold too under the condition 
that each /x-variable is used linearly. For the jJM rule, we have: 

i$M*K\ = {vux)(8'x(u) | 8'x{v).{M\v \ {Kju) 
-)• {vux)(\M\u | \K\u | 8'x{v).\M\v) 
^ (i/w)([M]u I {Kju) = {M*K\ 



where — y contains one transition for each modality in the word 8'. Since \K\u and E are blocked 
on actions that cannot be on channel x, this reduction is clearly the only one possible. The term 
5'a;(u).|[Af]u is not consumed since 8' must contain !, however there is no other occurrence of £ 
so we can discard it by bisimilarity. 
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For the substitution rule for terms, the argument is the same as for continuations. In this 
case, the only outputs on the channel of a A- variable x are of the form \x\u = 5'x(u), hence after 
distribution of \x = M] we get {vx'){\x'}u \ \x' = M\) = %M\u for a fresh x' . For the "pop" 
rule, we thus have 



\\x.M *NKj = {vu)\5u{xv).{M\v (vw)((vz)(8u{zw) \ \z = TV]) 

= {i>uwx){5u(xv)\M\v | Su(xw) \{x = N}\ fKjw) 
->■ {vuwx)(lM\w | 5u(xw) | fx = TV] | {Kjw) 
= {uwx)(lM\w | (vu)5u(xw) | [a; = TV] | \K\w) 
^ {uwx)(lM\w | \x = TV] | [if]w) 
^ (vw)(lM[tN/x]jw | [i^]w) 
= [M [JtJV/a;] * Kj 

where — > contains one transition for each modality in the word S. In the classical case, Su{xw) 
is not consumed since 5 contains !, however we know that u does not occur elsewhere since all 
duplications of continuations arc performed by the rule for /xa[/3], so this action becomes inactive 
and it is bisimilar to the empty process. As above, this reduction is the only one possible. 

A. 3 Simulation in call-by-value 

The substitution rule for continuations and the equivalence rule for /xa[/3] hold by the same 
arguments as in the case of call-by-name. 
For the first equivalence, we have 

[K * {M)Nj = (i/u)([u = Kj | [yv){\v = uM f \ \ \N}v)) 
= (uv){(yu){\u = K\\{v = uM f \) \ {N\v) 
= {KM f * TV] 

For the first reduction rule, we have 



{KM f *V} = (vu)( (uv)(j'u(x).(uw)(lMjw \ Sw(xv)) \ fv = Kj) -y'u(x).{x = Vj 

= {vuv){j'u{x).{vw){\M\w | Sw(xv)) \{v = K}\ j'u(x).{x = Vj) 
— > (vuvx)(^f' u{x) .{vw){\M\w | 8w(xv)) 

| (uw)(iMjw | 5w{xv)) \lv = Kj\lx = Vj) 
= {vw)((vu)*f'u{x).{vw){\M\u) | 8w{xv)) 

| \M\w | (uvx)(\x = V\ | Sw(xv) | fv = Kj)) 
^ {KV a * M] 

where — > contains one transition for each modality in the word 7'. In the classical case 7' contains 
! so the continuation at u is not consumed, however we know that u has no other occurrence 
since continuations are duplicated by the rule for fi, so we can erase the residual term on u by 
bisimilarity. This is the only possible reduction as soon as 7' is not empty. The second reduction 
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rule is deduced as 

\KW a * V] = (i/w)((i/wa;)([a; = W] \ Su{xv) \ {v = KJ) \ i'u{z).\z = Vj) 

= {vuvx)(\x = W] | 5u{xv) \{v = Kl\ l'u{z).\z = Vj) 
-)• {vuvx)(\x = W] | - f z{xv) \lv = Kj\lz = Vf) 
= {K*V-W] 

where — > contains one transition for each modality in the word 7', since 6 = j'"/. As above, this 
is the only reduction. For the substitution rule, we have 

{K*\x.M -V\ = (vu)(lu = Kj J (uvz)('yv(xw).lM}w | \z = V] \-/v{zu})) 
-► {vu)({u = X] I {ux)(\M\u I [a: = V])) 
= (vu)(lu = K}\ [M[V/x]]u) 

= \K* M[V/x]\ 

where there is one transition for each modality in 7. The step after the reduction is an instance 
of the substitution lemma (fx)([M]u | \x = K[) = [M[V/x]J. This lemma holds by the same 
argument as in the case of call-by-name: the binding [x — V\ can be distributed to all occurrences 
of x, but any occurrence of x occurs in a binding \y = x] so we have 

(ux)dy = x] I [x = Ml) = (ux)(y=x | [x = M\) 

= (ux){y=x) I \y = M] = \y = M] 

using the obvious bisimilarity (ux)(x=y) = 1. 
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